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We show that ring-like localized gain landscapes imprinted in focusing cubic (Kerr) nonlinear media with strong two-photon ab-
sorption support new types of stable higher-order vortex solitons containing multiple phase singularities nested inside a single 
core. The phase singularities are found to rotate around the center of the gain landscape, with the rotation period being determined 
by the strength of the gain and the nonlinear absorption. 
 
 
Vortex solitons are self-sustained excitations carrying a 
nonzero angular momentum and topological phase singular-
ities [1]. In uniform focusing local media, vortex solitons ex-
hibit ring-like profiles, a property that makes them prone to 
azimuthal modulation instabilities. Such instability can be 
suppressed in conservative materials by several mechan-
isms, including competing nonlinearities, external poten-
tials, or nonlocalities. Stable vortex solitons form also in dis-
sipative settings [2,3]. Dissipative vortex solitons have been 
found in laser amplifiers [4], in Bose-Einstein condensates 
[5,6], and in systems described by the complex cubic-quintic 
Ginzburg-Landau equation [7-9]. Vortex solitons in uniform 
dissipative media may experience considerable dynamical 
shape deformations, as it occurs in suitable Ginzburg-
Landau systems [8,9] and in wide-aperture lasers with a 
saturable absorber [4]. 
Recently it was predicted that the evolution of nonlinear 
excitations in dissipative medium is affected dramatically by 
a spatially modulated gain. Such evolution has been studied 
in Bragg gratings and optical waveguides [10,11], in mate-
rials with periodic refractive index modulation [12,13], and 
in Bose-Einstein condensates [14]. In such systems solitons 
form due to the interplay between localized gain and nonli-
near absorption, and a spatial localization of the gain land-
scape ensures the stability of the background field. Such 
interplay may result in suppression of azimuthal modula-
tion instabilities and formation of stable stationary vortex 
solitons [15]. However, the possibility to excite rotating vor-
tex states in such systems has never been addressed to date. 
In this Letter we reveal that ring-like gain landscapes im-
printed in cubic media with two-photon absorption support 
rich families of rotating vortex states exhibiting multiple 
phase singularities embedded into a single vortex core and 
possessing azimuthally modulated shapes. Notice that while 
in some conservative systems the formation of vortex soli-
tons with multiple singularities may be stimulated by ex-
ternal factors, such as large sample asymmetry in nonlocal 
media [16] or the presence of strong optical lattices [17], in 
our dissipative setting the asymmetric rotating vortices ap-
pear despite the fact that all parameters are either spatially 
uniform (diffraction and nonlinearity) or radially symmetric 
(gain). This indicates that the formation of such states is 
mediated by complex internal energy flows that may be 
highly asymmetric in a system with localized gain. 
We consider the propagation of laser radiation along the 
 -axis in a cubic nonlinear medium with strong two-photon 
absorption and nonuniform gain that is described by the 
nonlinear Schrödinger equation for the field amplitude q : 
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Here ,   are the normalized transverse coordinates and    
is the propagation distance; the function ( , )    describes 
the gain profile;   is the parameter of two-photon absorp-
tion. The Eq. (1) can be used to describe the nonlinear re-
sponse of semiconductor materials where solitons form be-
low half the bandgap and two-photon absorption is the do-
minating mechanism of optical losses [18]. Suitable shaping 
of the concentration of amplifying centers may be used to 
create various gain landscapes in such materials [19]. 
We consider solitons in a radially symmetric gain land-
scape described by the function 2 2i cexp[ ( ) / ]p r r d    , 
where ip  is the gain parameter, 2 2 1/2( )r     is the radi-
al variable, d  and cr  are the width and the radius of the 
amplifying ring, respectively. Here we set c 5.25r   and 
1.75d  . Soliton solutions of Eq. (1) may exist due to the 
balance between localized gain and nonlinear losses, and 
between diffraction and focusing nonlinearity. Spatial locali-
zation of the gain ensures stability of the background at 
r  , a crucial ingredient for the stability of localized so-
lutions. The formation of solitons should be expected around 
the maxima of ( , )    where nonlinear absorption compen-
sates gain, thus preventing the uncontrolled growth of the 
soliton amplitude and suppressing collapse. This point must 
be stressed, since the nonlinearity is cubic (Kerr) and the 
system is two-dimensional. Since an exact balance between 
gain and losses is required for soliton formation the soliton 
shape and transverse extent should depend considerably on 
the shape of the amplifying domain. The crucial open ques-
tions that we address in this Letter are whether such gain 
landscapes can support dynamically evolving vortex solitons 
with multiple singularities and whether such solitons may 
be stable. In order to find rotating vortex solitons we inte-
grate Eq. (1) directly for a variety of inputs ( , , 0)q     , 
with single or with multiple phase singularities nested in 
different locations of a single core. Under proper conditions, 
input beams emit radiation, experience reshaping upon 
propagation, and approach rotating vortex soliton states. In 
our simulations we propagated the beams for large lengths 
(in some cases up to 20000  ), to confirm stability of the 
obtained rotating states. We verified that identical rotating 
solitons can be generated with different inputs, a result that 
is an indication that the states are attractors with a suffi-
ciently large basin. 
 
Figure 1. Field modulus (top) and phase distributions (bottom) for 
rotating vortex solitons having (a) one phase singularity at 
i 1.7p  , (b) two singularities at i 2.0p  , and (c) three singulari-
ties at i 2.8p  . In all cases 2.0  . 
 
Figure 2. Dynamics of propagation for rotating vortex solitons hav-
ing (a) one phase singularity at i 1.7p  , (b) two singularities at 
i 2.0p  , and (c) three singularities at i 2.8p  . In all cases 
2.0   and white noise was added into the input fields. 
The central result of this Letter is that the ring-like gain 
landscapes can support a rich variety of nonconventional 
rotating vortex solitons. In all such states, the phase singu-
larities are embedded in a single vortex core and perform 
persistent rotation around the center of the gain ring. Illu-
strative examples of the simplest rotating structures with 
one, two, or three phase singularities are presented in Fig. 1. 
Notice that all such states can be generated with the ring 
input beams 2exp( )exp( )q r r im  carrying singularities 
with winding numbers 1,2, 3m   when their centers are 
strongly displaced from the center of the amplifying ring at 
, 0   . The number of singularities in the rotating vortex 
solitons is not determined exclusively by the charge or  
number of singularities in the input beam. Actually, rotating 
vortex with 1m  singularities can be excited even by a 
shifted vortex with 1m  . Notice that in contrast to con-
servative settings where rotating states emerge from azimu-
thally perturbed vortex solitons [20], in our dissipative sys-
tem azimuthal perturbations of radially symmetric states 
usually tend to decay. 
All rotating vortex solitons exhibit azimuthal modulations 
of the intensity distributions, in spite of the fact that the 
gain landscape is radially symmetric. The depth of the azi-
muthal intensity modulation depends on the value of the 
gain parameter ip . We observed that, as a rule, the azimu-
thal modulation is most pronounced in the center of the ex-
istence domain (in terms of ip ) and decreases when ap-
proaching the upper boundary of the domain. The decrease 
of the azimuthal modulation is usually accompanied by a 
decrease of separation between the phase singularities 
nested in the vortex core. The phase singularities in the 
simplest rotating vortex solitons are located symmetrically 
with respect to the origin at , 0   , but we found that vor-
tex states with an asymmetric arrangement of the singulari-
ties may be generated, too. The propagation dynamics of the 
rotating vortex solitons is illustrated in Fig. 2. Such struc-
tures were numerically generated by direct propagation of 
inputs beams over huge distances, so that a stable solution 
was excited, and subsequently used them as inputs with 
added noise. Note that in practice approximate versions of 
such solutions may be generated by using phase masks. The 
perturbed solutions were then propagated for one rotation 
period to ensure that they perform persistent rotation even 
in the presence of noise. Rotating vortex solitons are charac-
terized by highly nonconventional energy flow distributions 
Im( )q q  S  [Fig. 4(d)]. They are not circular due to 
nonzero radial components. There are several maxima of 
S  in the points where the intensity reaches also a maxi-
mum [the hydrodynamic form of Eq. (1) shows that asym-
metric internal energy flows affect soliton intensity distribu-
tions rendering them asymmetric]. The soliton intensity 
peaks rotate in the direction of the phase gradient [a coun-
terclockwise rotation can be observed by comparing Fig. 4(d) 
and dynamics in Fig. 2(c)]. 
The existence domains of the rotating vortex solitons with 
two and three phase singularities are presented in Fig. 3. 
The domains were constructed using slow modifications of 
the gain parameter until either transformation into radially 
symmetric vortex states (this scenario is typical for high ip  
values) or the development of instabilities is achieved. 
Therefore, the domains shown in Fig. 3 correspond to the 
parameter range where the rotating vortex solitons are sta-
ble. For a given strength of two-photon absorption, the sta-
ble rotating vortex solitons exist inside a limited range of 
values of the gain coefficient upplowi i ip p p  . The growth of 
the nonlinear losses shifts this limited existence domain to 
higher values of gain. Usually, vortex states with three sin-
gularities exist at highest gain values, although the exis-
tence domains for solitons with two and three singularities 
may overlap slightly. Similarly, vortices with one singularity 
exist at lowest gain levels. Therefore, a general conclusion 
can be made that higher gain values allows generation of 
more complex rotating vortex solitons with larger number of 
singularities. Similar existence domains were obtained for 
other cr  and d  values. If cd r  an increase of d  results in 
a shift of the entire existence domains to lower gain values. 
However, there exist an upper limit c( 0.8 )d r  for the 
width of the amplifying ring (that depends on ip ) at which 
rotating vortex solitons can be generated. The domains of 
existence of rotating vortices may overlap with domains of 
existence of radially symmetric states [15], i.e. several stable 
attractors coexist for the same set of parameters. 
 
Figure 3. Domains of existence of stable rotating vortex solitons 
with (a) two and (b) three singularities on the plane i( , )p . 
 
Figure 4. (a) Instantaneous propagation constant value defined in 
different points versus propagation distance for rotating vortex with 
one singularity at i 1.7p  , 2.0  . (b) Power versus ip  for vortex 
solitons with two or three singularities at 2.0  . Points corres-
pond to solitons shown in Figs. 1(b) and 1(c). (c) The period of rota-
tion for vortex with three singularities versus ip  at 2.0  . (d) 
Map of internal energy flows in vortex soliton from Fig. 1(c). 
In contrast to the conventional nonrotating vortex solitons 
characterized by a single propagation constant value, the 
local propagation constant of the rotating vortex soliton, de-
fined as ( ) Arg[ ( )/ ( )]/b q d q d      , is not identical in all 
points in the transverse plane. This propagation constant 
evolves periodically with distance   that may be attributed 
to the rotation of the entire azimuthally modulated complex. 
Thus, Fig. 4(a) shows the propagation constant values 0b  
and 0b  defined along the corresponding lines as functions 
of  . The shift between these two periodic dependencies is 
readily apparent. The power 2U q d d 


    is a mo-
notonically increasing function of the gain parameter irres-
pectively of the number of singularities in the rotating vor-
tex [Fig. 4(b)]. As expected on intuitive grounds, more com-
plicated vortex structures have higher powers. 
We also studied the dependence of the rotation period T  
of the vortex states on the gain parameter [Fig. 4(c)]. In the 
vicinity of the lower border of the existence domain 
low
i ip p  the rotation period grows with ip  monotonically, 
but when uppi ip p  the rotation period rapidly decreases. A 
decrease in the period of rotation favors the tendency for 
singularities to fuse into one central singularity with a high-
er winding number at sufficiently high gain levels (in this 
case the rotating vortex transforms into the radially symme-
tric one). The dependencies i( )T p  shown in Fig. 4(c) are typ-
ical for all vortex solitons discussed in this work. 
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